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Noncollinear, inelastic four-wave mixing in the
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Driving four-wave mixing (FWM) processes with extreme ultraviolet (EUV) pulses could enable experimental
approaches that have the potential to provide unique information on dynamics and correlations. In this work, we
demonstrate inelastic FWM obtained by noncollinear mixing of two EUV pulses with different photon energies and an
optical pulse in a diamond sample. This three-pulse interaction leads to the emission of an optical signal, propagating
in the phase-matching direction and blue shifted by the photon energy difference of the two EUV pulses. The presented
results demonstrate the feasibility of experiments such as the soft X-ray analogue of coherent anti-Stokes Raman scatter-
ing, so far only theoretically conceived [Phys. Rev. Lett. 89, 043001 (2002)], which can be further extended for studying
vibrational and electronics dephasing in solid, liquid, or gaseous samples. © 2023 Optica Publishing Group under the terms

of the Optica Open Access Publishing Agreement

https://doi.org/10.1364/OPTICA.497745

1. INTRODUCTION

Nonlinear optics (NLO) techniques arise from the simultaneous
interaction of two or more (input) light fields with a sample, which
drive the emission of a (output) “signal field.” NLO methods have
been thoroughly used in the optical regime to study dynamics and
correlations inaccessible by linear methods, as well as to greatly
improve selectivity and sensitivity of optical measurements [1].
The list of applications of NLO can easily be longer than the
present paper, as they range from sunlight harvesting [2] to pho-
tonics [3], quantum communications [4], magnetism [5], heat
transport [6], and biology [7].

The use of multiple light fields to interrogate the sample permits
to conceive the so-called noncollinear experimental geometries
where, because of energy and momentum conservation, the signal
fields are emitted into “background free directions,” i.e., directions
vastly different from those of the input fields. Noncollinear set-ups,
where the pulses cross at an angle θ at the sample, are often more
complex but reward the experimentalists with a high signal-to-
noise ratio (S/N). However, NLO methods based on optical lasers
are inherently limited by the relatively small wavevector (k) and low

photon energy (E) of optical photons. In most practical cases, this
precludes obtaining information on atomic and molecular scale
structures and excitations, as well as using atom-specific transitions
to achieve elemental and chemical selectivity. These limitations can
be overcome and new breakthroughs enabled by extending NLO
into the x-ray regime, as has been proposed on theoretical grounds
[8–10]. Despite the rich theoretical literature, the experiments
had to wait until the rise of free electron lasers (FELs) and high
harmonic generation (HHG) sources, which enabled the exper-
imentalists to exploit intense and ultrafast pulses in the extreme
ultraviolet (EUV) and x-ray spectral regions.

Some key studies have been already conducted [11–16], among
them an EUV-optical experiment where a third-order nonlinear
process [four-wave mixing (FWM)] involving two optical photons
and an EUV photon with photon energy tuned at a specific core
resonance (EEUV ≈ 62 eV; Li K-edge) was used to assess the elec-
tron and hole co-localization [17]. This fundamental study was
performed in a collinear geometry and demonstrated the possibil-
ity to generate and detect an EUV-optical “inelastic” FWM signal,
i.e., with a photon energy (E sig = EEUV ± 2Eopt) equal neither to
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EEUV nor to the optical photon energy Eopt. Such a “combined”
EUV-optical inelastic FWM signal encoded information that
would not have been accessible by single-photon (either only EUV
or only optical) interactions.

In the present work, we report on a noncollinear EUV-optical
FWM process, where two EUV photons with different photon
energies (EEUV1 and EEUV2) and an optical photon generate a
noncollinear inelastic FWM signal at E I = Eopt +1E , with
1E = EEUV2 − EEUV1, whose emission direction is deter-
mined by energy and momentum conservation. The excitation
mechanism can be depicted as a grating moving in time during
the illumination with a velocity of 1E

~ |k|
−1 along the direction

k= kEUV2 − kEUV1; see Supplement 1.
The noncollinear approach used in our work allowed for a

better S/N with respect to collinear approaches, which permitted
observing the FWM signal even in the absence of any EUV absorp-
tion resonance, namely, in a situation where EUV-optical FWM
signals are expected to be smaller by orders of magnitude [1,18]
compared to resonant FWM; note that in Ref. [17], no signal was
observed out of the EUV resonance. The employed set-up also
has the advantage of allowing the study of the FWM response as a
function of both relative delays among the three input pulses.

Another intrinsic advantage of the noncollinear approach is
represented by the possibility to vary the crossing angle between
the EUV pulses (2θFF) to change the EUV “grating vector” |k|
while keeping 1E fixed. For example, independently scanning
|k| and exploiting EUV core–hole resonances could permit to
extract spatial information about the sites where such core–holes
are located [8,19,20].

2. MATERIALS AND METHODS

Figure 1(a) shows a sketch of the experiment, which is based on
the mini-TIMER set-up [21], used for noncollinear EUV-optical
transient grating (TG) experiments and on the twin-seed operation
mode of the FERMI FEL [22]. The latter was used to generate
a sequence of two EUV pulses, separated in time by ≈ 350 fs,
the first one with EEUV1 = 47.7 eV and the second one with
EEUV2 = 47.88 eV; EEUV2 can be varied from 47.7 to≈ 48.2 eV.
The two pulses have an estimated time duration of ≈ 50 fs [full
width at half maximum (FWHM)] and are separated in time by
about 350 fs [22]; both of them are linearly polarized, orthogonally
to the plane of the drawing in Fig. 1(a).

The main limitation of this set-up is represented by the impos-
sibility to prevent pre- and post- pulses [labeled as EB

EUV1 and
EA

EUV2 in Fig. 1(a)] from reaching the sample. The presence of the
pre-pulse rules out the investigation of ground-state phenomena,
while the post-pulse inherently complicates the investigation of
dynamics. However, for the demonstrative purpose of the present
work, this set-up has the essential advantage of being simple and
robust. Some technically feasible alternatives to overcome this
limitation will be discussed in the conclusion.

The energy per pulse and spot size at the sample were, respec-
tively, 8 µJ and 150× 200 µm2 (horizontal× vertical; FWHM),
resulting in a fluence of 20 mJ/cm2. The split and recombination
were achieved by the mini-timer set-up and resulted in two beams,
labeled with the suffixes A and B in Fig. 1(a), each one consisting of
the aforementioned sequence of two FEL pulses. These two beams
were recombined at the sample with a semi-angle θFF = 2.7◦.
The optical probe beam with Eopt = 3.16 eV impinged onto the
sample at an angle θFL = 45◦, and its pulse energy, spot size, and

Fig. 1. (a) Sketch of the experiment. Two sequences (labeled by suffixes “A” and “B”) of FEL pulses with EEUV1 = 47.70 eV and EEUV2 = 47.88 eV are
recombined at the sample position with a semi-angle θFF = 2.7◦. The optical probe beam with Eopt = 3.16 eV impinges at the FEL crossing point with an
angle θFL = 45◦. In addition to the expected inelastic FWM emitted at θI = 42.8◦ (E sig,I = 3.34 eV), we observed an additional “elastic” signal emitted at
θE = 45.6◦ (E sig,E = 3.16 eV). All the angles are measured with respect to the sample normal. A high pass filter with a transmission ratio of∼40 in favor
of the inelastic signal, not shown in the figure, was placed in front of the detector.1TFF is the time delay between FEL pulse sequences “A” and “B,” while
1TFL is the time delay between the laser pulse and the FEL pulse labeled as E A

EUV2; see text for further details. The two elongated spots in the image are the
inelastic and elastic FWM signals, respectively emitted at θI and θE , as collected by the CCD detector at (1TFF, 1TFL)= (0, 0). (b) Energy conservation
diagram for the process that generates the inelastic signal. When (1TFF, 1TFL)= (0, 0), the two FEL pulses (E A

EUV2, E B
EUV1) force a nonlinear polarization

oscillating at1E/~, which couples with the probe field (oscillating at EOPT/~), driving the emission of a FWM signal beam at Eopt +1E . The length of
the arrows does not reflect the relative values of the photon energies. (c) Corresponding momentum conservation diagram; the length of the arrows does not
reflect the magnitude of the wavevectors. See Supplement 1. (d) Spectrum of the signal reported in the inset of (a).
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time duration were, respectively, 2.5 µJ, 200× 200 µm FWHM,
and ≈ 100 fs FWHM. The probe beam was linearly polarized,
orthogonally to the panel of Fig. 1(a). The sample was a 5 mm
thick, chemical vapor deposited diamond crystal with the surface
exposed to the FEL beam corresponding to the [100] crystallo-
graphic plane. Diamond was chosen for its high nonlinear response
[23,24] and radiation resistance [25].

The inelastic FWM signal beam has an expected photon energy
E sig,I = Eopt +1E , as shown in the energy level diagram shown
in Fig. 1(b), and is expected to be emitted along a “background-
free” direction, since the emission angle (θ ) was very different from
all incidence angles; see Fig. 1(a) and momentum conservation dia-
gram in Fig. 1(c). The geometry of the experiment was conceived
to collect the signal both when 1E = 0 and when 1E > 0, up
to 1E ≈ 300 meV, using a position-sensitive detector (PI-MTE
camera).

It is possible to calculate the values of θ , which were θI = 42.8◦

for 1E = 180 meV and θE = 45.6◦ for 1E = 0. Therefore, the
determination of θ straightforwardly acts as a spectral analysis
of the signal. To further increase the S/N, a high pass optical fil-
ter (FGUV11 by Thorlabs) was placed in front of the detector
to remove residual light leaking into the experimental chamber
and reduce diffuse light at Eopt. In fact, the filter transmission
at Eopt was 1% while it was 43% at E sig,I = Eopt +1E , where
1E = 180 meV is the value used in the present experiment. Note
that it is possible to set 1E < 0 and move the detector for seeing
a signal with E sig,I < Eopt; however, a red shifted signal would be
strongly attenuated by the filter.

The raw signal shown in the CCD image reported in Fig. 1(a)
was obtained at (1TFF, 1TFL)= (0, 0), integrating over 3000
FEL shots. The spectrum of this signal is reported in Fig. 1(d). In
addition to the expected inelastic FWM signal, we also observed
a signal corresponding to 1E = 0 meV; the presence of such an
“elastic” FWM signal may be caused by a residual spectral overlap
(see Supplement 1). We note that these two signals have compa-
rable intensities after the high pass filter. The bandwidth of both
signals is of about 70 meV FWHM, which is of the same order of
the combined bandwidth from the FEL (∼50 meV FWHM) and
from the laser (∼10 meV FWHM). However, since the color filter
has a strongly varying transmission between the elastic and inelastic
peaks, the spectral shape of the observed signal can thus be different
from the natural emission spectrum.

The set-up allows scanning both the relative delay between
the two sequences of FEL pulses (1TFF) and the delay between

the optical pulse and the (E B
EUV1; E B

EUV2) pulse sequence (1TFL).
These two delay scans are independent from each other, with all
1TFL scans being performed at1TFF = 0 and all1TFF scans being
performed at1TFL = 0; see Refs. [21,22] for further details on the
set-up.

The spectrum of the two-color FEL pulses and the variation of
their intensity ratio during a1TFL scan are shown, respectively, in
Figs. 2(a) and 2(b). The former shows the FEL spectrum averaged
over the 1.5 ∗ 105 FEL shots needed to collect a dataset, while
the latter reports the intensity stability of the two colors (blue
and red squares) and their ratio (green diamond). Data points in
Fig. 2(b) were collected equally spaced in real time, and each one
required 1 min of acquisition, corresponding to 3000 FEL shots
(the FEL repetition rate was 50 Hz); the figure illustrates the high
FEL stability in the tens of minutes scale.

3. RESULTS

Figure 3(a) reports a 1TFF scan, with both the elastic (red dots)
and inelastic (black dots) signals well described by Gaussian shapes
with σ = 40± 5 fs. This is compatible with the cross-correlation
of the FEL pulses, which is estimated to be about σ ≈ 30 fs. We
remind the reader that the latter is based on an estimate of the FEL
pulse lengths [26,27], while the actual pulse length may have been
longer.
1TFF “photon echo” scans are sensitive to the ultrafast processes

that yield the material excitation and their eventual dephasing
[28]. In our case, the dominating process is photoionization, which
happens on timescales shorter than our pulse duration [29,30];
one would therefore expect to observe merely a cross-correlation
response without detectable dynamics.

The 1TFL scans reported in Fig. 3(b) instead display different
dynamics for the two signals, and as evidenced by the solid purple
Gaussian with σ = 40 fs, both differ from the ones reported in
Fig. 3(a). The latter are much narrower in time since their width
does not depend on the pulse duration and large wavefront tilt of
the optical laser.

The elastic signal shown in Fig. 3(b) (red open dots) has an
asymmetric temporal profile similar to the one observed in EUV-
optical TG experiments. It can be modeled by a Gaussian rise with
σE = 104± 5 fs and an exponential decay with a decay time of
130± 10 fs plus a small offset at positive delays. The former is
compatible with the FEL-laser cross-correlation, which sets the
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Fig. 2. (a) Average FEL spectrum over a1TFL scan; the value of1E is indicated by the horizontal segment. (b) Peak area of the two FEL pulses (red and
blue squares; left vertical scale) and their ratio (green diamonds; right vertical scale) during a time delay scan. Data are reported as a function of1TFL but
were collected equally spaced in real time, and each point represents the average over 3000 FEL shots. The stability of these values makes data normalization
not critical.
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Fig. 3. (a) Experimental signals obtained by scanning 1TFF. Both the inelastic (full black squares) and elastic (full red dots) FWM signals show a
Gaussian shape compatible with the cross-correlation between the two FEL pulses (black line). (b) The inelastic (open black squares) and elastic (open
red dots) signals obtained by scanning1TFL instead show different time dependencies. The latter is characterized by a Gaussian rise, compatible with the
FEL-optical cross-correlation, and an exponential decay plus a small offset for 1TFL > 0 (red line). The inelastic FWM signal has a narrower and more
symmetric shape; the black line is a Gaussian function. The solid purple Gaussian is the FEL-FEL cross-correlation, i.e., the black line in (a).

time resolution of the experiment and is limited by the time dura-
tion of the optical pulse and the large wavefront tilt, once again
indicating the impossibility to resolve the excitation mechanism
with such long pulses. The decay time can be instead associated
with the electron-lattice relaxation, which in carbon is typically
hundreds of fs [31,32]. Such a relaxation of the population of the
electronic excited states is the first step for driving the thermo-
elastic dynamics of the system [33,34], which can explain the
small offset at positive delays. We refrain here from making a direct
comparison with previous EUV-optical TG measurements con-
ducted on diamond [34] for two reasons: 1) thanks to the filter, the
set-up was optimized to collect the inelastic FWM signal, and the
unexpected elastic signal was clearly observed only at FEL fluences
much larger than those used in the EUV-optical TG; 2) the pre-
and post-pulses were not present in previous EUV-optical TG mea-
surements. Further measurements as a function of1E , including
1E = 0, possibly with controlled spectral overlap conditions, and
in the presence of the pre- and post-pulse are required to assess the
possible TG nature of the elastic FWM signal.

Conversely, the inelastic FWM signal [black open squares in
Fig. 3(b)] has a narrower and more symmetric profile, reproduced
here with a Gaussian of σI = 110± 5 fs. This is compatible with
the laser/FEL cross correlation, suggesting that we are essen-
tially observing the instantaneous crystal polarization response
(coherent spike) [35,36].

Data in Figs. 3(a) and 3(b) have been normalized by the sum
of the squared values of the total FEL intensity, monitored shot-
by-shot, in order to account for FEL fluctuations during the scans;
the intensity of the optical laser was constant. The curves were
then scaled to set their maxima to one for easier comparison. The
normalization by the total FEL intensity squared rather than the
product of the two FEL spectral lines is justified by the trends
reported in Fig. 2(b), which show an essentially constant trend in
the intensity ratio between the two spectral lines (green diamonds).

The dependence of the inelastic signal on the FEL intensity at
(1TFF, 1TFL)= (0, 0) is shown in Fig. 4. The quadratic depend-
ence (red solid line in Fig. 4) confirms that the observed inelastic
signal has a FWM origin. The trend of the elastic signal is also
compatible with a quadratic dependence; see Supplement 1 for
further details.
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Fig. 4. Dependence of the inelastic (black circles) and elastic (red cir-
cles) FWM signal intensity at (1TFF, 1TFL)= (0, 0) on the FEL fluence.
Fluence has been calculated as the energy of a single FEL pulse, divided by
the spot area. Blue lines are quadratic fits to the data forced to pass for the
origin of the Cartesian plane.

4. DISCUSSION

Having both the inelastic and elastic signals recorded simultane-
ously, the strength of the two processes can be straightforwardly
compared. Following the estimate done in Ref. [13] and fur-
ther considering the filter transmission, effective values of the
third-order susceptibilities [1,37] can be estimated, namely,
χ
(3)
I = 1.4 ∗ 10−25 m2V−2 and χ (3)E = 1.5 ∗ 10−23 m2V−2 for,

respectively, the inelastic and elastic FWM signals; the χ (3)E esti-
mate further assumes that the unexpected elastic FWM signal is
proportional to the spectral overlap (see Supplement 1). At the
lower investigated fluences, the signal level is close to the detec-
tion limit of the employed set-up. Much weaker FWM signals
can be likely detected, for instance, by focusing the signal at the
detector and better rejecting spurious light, to improve the S/N,
or by exploiting EUV core–hole resonances to enhance the signal
[8,17,18]; this potentially allows for single-shot data.

The observed frequency shift of the inelastic FWM signal
indicates that it is related to the photon energy difference between
the two FEL pulses. Diamond has an optical phonon at 165 meV
[38,39], which, given the pulse bandwidth and the employed value
of1E = 180 meV, should fall within the possible range in photon
energy difference of the employed FEL pulses and lead to a ps decay
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in the inelastic signal, via a coherent anti-Stokes Raman scattering
(CARS) mechanism [40,41]. However, we did not observe it, most
likely because the pre-pulse causes a significant sample heating,
which can substantially alter the phonon frequency and popu-
lation; furthermore, the post-pulse would destroy any coherent
population after 350 fs. The consistency of the time depend-
ence of the inelastic FWM signal with the pulse cross-correlation
[Fig. 3(b)] suggests that we are essentially observing a coherent
spike, due to the “instantaneous” crystal polarization, i.e., the
two-color FEL pulses drive the nonlinear polarization oscillating
at 1E/~, while the coupling with the probe field stimulates the
emission of the inelastic FWM signal beam at Eopt +1E . In order
to confirm this working hypothesis, further experiments as a func-
tion of 1E could be performed. We expect the time dependence
of the inelastic FWM signal to be independent from 1E , while
the signal emission angle should change according to the phase
matching; see Fig. 1(c) and Supplement 1. Moreover, the heating
due to the pre-pulse is not expected to play a significant role, since
the instantaneous nonlinear polarization is weakly temperature
dependent [1,37].

Additional FWM processes may contribute to both the inelastic
and elastic signals. Their evaluation is beyond the scope of the
present paper and are presently under detailed scrutiny, also with
the aid of calculations, and will be presented in a separate paper
[42]. However, it is evident how a significant step forward in this
context would be to remove the additional (pre- and post-) pulses.
This can be achieved by modifying the split–recombination set-up
[21,22], for example, by replacing the splitting mirror with diffrac-
tive optics. In this way the different spectral components of the
FEL emission can be spatially separated, and simple beam-blocks
can prevent undesired pulses to reach the sample. The foreseeable
drawbacks of this approach are the lower photon throughput and
the need for realignment during 1E scans; most likely both of
them are not showstoppers.

5. CONCLUSIONS

We experimentally demonstrated an EUV-optical FWM process
involving two EUV pulses with different photon energies. Despite
the low repetition rate and without tuning the EUV photon energy
to core resonances, we were able to observe a signal that is about
1010 times weaker than the probe pulse. This is due to the high
S/N, which arises from spectral filtering and the phase-matching
condition for noncollinear FWM processes. The results of the
present work open the way towards putting into practice long
theorized experiments, where ultrafast electronic dynamics and
correlations between different atomic species can be studied [81].
The temporal resolution may be substantially improved using
three noncollinear EUV pulses, which can be sub-fs, and diffractive
set-ups [43]. This would also extend the range of 1E into the
multi-eV range, matching the energy of valence band excitations
[8], while the exploitation of core resonances can provide chemical
sensitivity. Multi-color FEL pulses with an energy separation of a
few eV have already been demonstrated [44].

Inelastic EUV FWM can likely be performed also on metals and
other probe-opaque samples, by using reflection geometry, which
has already been used in TG experiments with optical probing [34].
Inelastic FWM permits to use spectral filtering, which is expected
to strongly suppress elastic scattering by surface roughness, thus
alleviating the sample surface quality requirements.

The described approach can also be extended to low density
samples, such as atomic and molecular jets, where the excitation
volume is not strongly limited by the penetration depth, but rather
by the beam intersection, which can easily be some orders of mag-
nitude larger than the penetration depth in condensed matter. This
can compensate for the linear decrease of the signal strength due
to the decrease in the density, since the FWM signal quadratically
increases with the length of the interaction volume [45]. Moreover,
solid-state samples are limited to relatively small FEL fluences by
sample damage, while flowing samples are not, since in typical
conditions they are “renewed” after each FEL shot. This would also
enable studying FWM processes in a high field regime.
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